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Abstract The heart grows in response to changes in hemodynamic loading during nor-
mal development and in response to valve disease, hypertension, and other pathologies. In
general, a left ventricle subjected to increased afterload (pressure overloading) exhibits con-
centric growth characterized by thickening of individual myocytes and the heart wall, while
one experiencing increased preload (volume overloading) exhibits eccentric growth charac-
terized by lengthening of myocytes and dilation of the cavity. Predictive models of cardiac
growth could be important tools in evaluating treatments, guiding clinical decision making,
and designing novel therapies for a range of diseases. Thus, in the past 20 years there has
been considerable effort to simulate growth within the left ventricle. While a number of
published equations or systems of equations (often termed “growth laws”) can capture some
aspects of experimentally observed growth patterns, no direct comparisons of the various
published models have been performed. Here we examine eight of these laws and compare
them in a simple test-bed in which we imposed stretches measured during in vivo pressure
and volume overload. Laws were compared based on their ability to predict experimentally
measured patterns of growth in the myocardial fiber and radial directions as well as the ratio
of fiber-to-radial growth. Three of the eight laws were able to reproduce most key aspects
of growth following both pressure and volume overload. Although these three growth laws
utilized different approaches to predict hypertrophy, they all employed multiple inputs that
were weakly correlated during in vivo overload and therefore provided independent infor-
mation about mechanics.
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1 Introduction

Hypertrophy of the adult left ventricle (LV) is frequently described in terms of two proto-
typical patterns: concentric and eccentric hypertrophy. Experimentally, pressure overloading
of the LV leads to concentric hypertrophy (thickening of individual myocytes and the heart
wall), whereas volume overloading of the LV leads to eccentric hypertrophy (lengthening
of myocytes and dilation of the cavity) [1, 2]. While some conditions such as hyperten-
sion are clearly associated with pressure overloading and concentric hypertrophy and others
such as mitral regurgitation are clearly associated with volume overloading and eccentric
hypertrophy, many involve some combination of the two. Myocardial infarction, congenital
heart defects, some heart valve diseases, pregnancy, and athletic training all induce hypertro-
phy falling along a spectrum ranging from concentric to eccentric growth. Thus predicting
growth and remodeling in these settings requires models that capture responses across this
entire spectrum. Since hypertrophy is often progressive, the most pertinent clinical questions
surrounding disorders tend to be prognostic: even simply anticipating the rate of progression
can be essential when planning treatment. Thus, though the underlying mechanisms respon-
sible for hypertrophy remain elusive [3, 4], phenomenologic models have the potential to
provide insight into the development of hypertrophy and guide clinical decision making, in
addition to aiding in the design of device-based therapies to slow or reverse remodeling.

Rodriguez et al. [5] presented a general theory for volumetric growth. Together with a
set of equations (usually termed a “growth law”) that specify how rapidly a region of the
heart will grow in any given situation, this framework can predict how cardiac dimensions,
residual stresses, and the response to repeated cyclic loading will evolve over time. Because
changes in mechanical loading of the heart clearly induce growth and remodeling, many
growth laws utilize measures of local mechanics to drive predicted growth. However, there
has been considerable debate concerning which specific growth stimuli are actually sensed
by the cells in the heart, or (perhaps more practically) which metrics provide the best basis
for formulating growth laws. Grossman et al. [6] found that estimated wall stresses in pa-
tients with pressure overload were not different from those in normal subjects, and proposed
that peak systolic stress may act as a stimulus for concentric hypertrophy, eventually nor-
malizing the initial increases in wall stress due to elevated pressures. Emery and Omens [7]
concluded that end-diastolic fiber strain was normalized during volume overload, making
it a likely candidate stimulus for eccentric hypertrophy. Holmes [8] investigated potential
stimuli during volume overload more systematically and concluded that volume amplitude
or related metrics such as ejection strain could provide a basis for distinguishing between
pressure and volume overload. Due to the uncertainty surrounding both the underlying biol-
ogy and the predictive value of the many available potential stimuli, selecting or formulating
a growth law is challenging.

A number of growth laws have been proposed and demonstrated to fit aspects of the
growth response following pressure and/or volume overloading. It is difficult to compare
published laws from various studies, however, since each study uses a different left ventricu-
lar geometry, passive constitutive relation, active model of contraction, and set of circulation
conditions. Here, we compared eight different growth laws directly. We employed published
reports to identify the changes in stretch that occur in vivo during acute pressure and volume
overloading. Then, we applied these stretches in a simple test-bed and predicted growth us-
ing each of the eight growth laws. Finally, we compared features of the growth predicted by
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each law to reported measurements of myocyte dimensions following pressure or volume
overload to assess the ability of each law to capture experimentally observed trends.

2 Methods

2.1 Growth Framework

We performed a direct comparison of several published growth laws (Table 1). All of these
growth laws assumed constant density of added or subtracted myocardium (so that growth
manifests as a change in volume) and utilized the theoretical framework of Rodriguez et
al. [5]. In this framework, material is added or removed through a growth deformation, Fg ,
changing the local stress-free configuration. The overall deformation is given by

Feg = FeFg, (1)

where the growth deformation, Fg , maps the original reference state to an intermediary un-
stressed (and potentially incompatible) grown state. The elastic deformation, Fe , then maps
the intermediary state into the intact, loaded state. Only the elastic deformation contributes
to stress.

As outlined below, we prescribed diastolic and systolic circumferential and longitudinal
stretches typical of normal hearts or of hearts subjected to hemodynamic overload, then
used the various growth laws to predict the resulting growth. In the context of Eq. (1),
this was implemented by prescribing Feg values, computing Fg for a single growth step
using one of the growth laws, computing the new diastolic and systolic elastic deformations
(Fe = FegF

−1
g ), and iterating until steady-state was reached or a pre-specified growth limit

was exceeded. In order to visually compare the responses of the various growth laws detailed
below, Figure S1 plots the growth rate of each law as elastic fiber or crossfiber stretch is
varied over the range explored in this study.

2.2 Growth Laws

2.2.1 A Model for Stress-Induced Growth in the Developing Heart: L&T

Lin and Taber [9] considered how embryonic growth is affected by mechanical loading.
While they acknowledged that pre-natal growth is dominated by hyperplasia and post-natal
growth by hypertrophy, they argued that the basic patterns of growth in which the ventricle
increases in size in response to increases in pressure and volume are similar. They created
a stress-based growth law in which they approximated the LV as a cylindrical thick-walled
pressure vessel, simulated passive inflation during diastole, and prescribed growth based on
end-diastolic stresses. The fiber direction (f ) was assumed to be circumferential and the
cross-fiber direction (c) to be parallel to the cylinder axis, with both axes perpendicular to
the radial direction (r). Their growth law took the form:

F i+1
g,j = F i

g,j

[1 + F i
g,j ∗ −∑

k Djk(σk − σset,k)] , (2)

where (k, j) = (f, c, r), D is a matrix of growth rate coefficients determined by fitting data
from embryonic chick left ventricles in both normal and pressure-overloaded states, σ is
the Cauchy stress at end diastole, and σset is the end-diastolic Cauchy stress at growth equi-
librium. The superscript i indicates the growth time step. Lin and Taber originally chose
σset = 0 for all three directions; as explained below, we chose new setpoints to achieve zero
growth in all directions under baseline loading conditions.
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2.2.2 Biomechanical Growth Laws for Muscle Tissue: LT2

Taber [10] also considered muscle development more generally, creating growth laws for
skeletal muscle, heart muscle, and arteries. In this case the full range of post-natal growth,
from birth to maturity, was simulated. For heart growth, the LV was again approximated as
a cylindrical thick-walled pressure vessel. Both passive and active stresses were considered,
and growth was determined based on stress in the circumferential direction. Thus, in L&T
all directions were considered (circumferential, radial, and longitudinal), but only at end-
diastole, whereas in LT2 stress both at end-diastole and end-systole was considered, but
only in the circumferential direction. Here again, the fiber direction (f ) was assumed to be
circumferential and the cross-fiber direction (c) to be parallel to the cylinder axis, with both
axes perpendicular to the radial direction (r). The growth law took the form:

F i+1
g,r = F i

g,r ∗
(

1

T r

∗ 1

(σθa0)m

∗ [
σθa − (σθa0)m

] + 1

)

, (3)

F i+1
g,f = F i

g,f ∗
(

1

T θ

∗ 1

(σθp0)m

∗ [
σθp − (σθp0)m

] + 1

)

, (4)

F i+1
g,c = 1 (5)

where T r and T θ are normalized time constants and (σθa0)m and (σθp0)m are the active and
passive fiber stresses at growth equilibrium. These equilibrium stresses were adjusted to
achieve zero growth in all directions under baseline conditions.

2.2.3 Computational Modeling of Volumetric Soft Tissue Growth: Application to the
Cardiac Left Ventricle: KFR and KUR

Like Lin and Taber, Kroon et al. [11] also simulated passive inflation during diastole, but
used a finite-element truncated ellipsoidal model of the LV to simulate the response to vol-
ume overload rather than pressure overload, employing growth laws that depended on strain
rather than stress. In the “fixed” reference configuration growth law (denoted KFR), the
stress-free reference configuration remained constant throughout the simulation,

F i+1
g,j = [

β(
√

2 ∗ Eff + 1 − 1 − shom) + 1
] 1

3 F i
g,j . (6)

By contrast, their “updated” reference configuration growth law considered the possibility
that turnover of tissue components might allow growth-induced residual stresses to relax
over time. In this growth law (denoted KUR),

F i+1
g,j = [

β(
√

2 ∗ Eff + 1 − 1 − shom) + 1
] 1

3 . (7)

In both laws, β is the product of the growth rate constant and the time interval, shom is the
homeostatic end-diastolic myofiber strain, and Eff is the elastic fiber strain at end diastole
for growth time step i. In both cases growth was assumed to occur isotropically, thus j =
(f, c, r).

2.2.4 A Multiscale Model for Eccentric and Concentric Cardiac Growth Through
Sarcomerogenesis: GEG and GCG

Göktepe et al. [12] used a finite-element model to simulate end diastole and end systole
and proposed two different growth laws: one to simulate growth following volume overload
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(eccentric hypertrophy) and one to simulate growth following pressure overload (concentric
hypertrophy). For volume overload they utilized a strain-based growth law (here denoted
GEG),

F i+1
g,f = 1

τ

[
Fg,f,max − F i

g,f

Fg,f,max − 1

]γ

∗ [
F i

e,f − λcrit
] + F i

g,f and (8)

F i+1
g,c = F i+1

g,r = 1, (9)

where Fg,f,max specifies the maximum fiber growth allowed and λcrit is the homeostatic
elastic fiber stretch. Note that growth is not permitted in the cross-fiber or radial directions.
For pressure overload they utilized a stress-based growth law (denoted GCG),

F i+1
g,c = 1

τ

[
Fg,c,max − F i

g,c

Fg,c,max − 1

]γ

∗ [
tr
(
Me

) − pcrit
] + F i

g,c and (10)

F i+1
g,f = F i+1

g,r = 1, (11)

where Fg,c,max specifies the maximum cross-fiber growth allowed, Me is the Mandel stress
(Cauchy stress weighted by the Jacobian) associated with the elastic deformation at end sys-
tole, and pcrit is the homeostatic value for the Mandel stress. Note that, in this case, growth
is not permitted in the fiber or radial directions. In both laws, τ controls how much growth
occurs per growth time step i and γ controls the shape of the growth-limiting function.

2.2.5 Adaptation to Mechanical Load Determines Shape and Properties of Heart and
Circulation: the CircAdapt Model: ART

Arts et al. [13] combined an active model of sarcomere mechanics, analytic expressions
relating fiber stretch and stress to cavity pressures and volumes, and a circuit model of
the circulation to simulate the full cardiac cycle before and during pressure overload. They
proposed a set of growth laws in which the ratio of maximum to minimum fiber stretch
determined fiber growth, while a more complicated function of maximum and minimum
fiber stretch determined radial growth:

F i+1
g,f = max(F i

e,f )/min(F i
e,f )

Ls,max,adapt/Ls,min,adapt

F i
g,f , (12)

F i+1
g,r = F i

g,r

√(
1 + a

1 + ae
b(Ls,max,adapt −Li

s,0∗max(F i
e,f

))

)

∗
(

Ls,max,adapt/Ls,min,adapt

max(F i
e,f )/min(F i

e,f )

)

, (13)

Li+1
s,0 = Li

s,0

(
Ls,max,adapt/Ls,min,adapt

max(F i
e,f )/min(F i

e,f )

)

, and (14)

F i+1
g,c = F i+1

g,r , (15)

where Ls,max,adapt is the homeostatic set point for sarcomere length at the beginning of ejec-
tion, Ls,min,adapt is the homeostatic set point for sarcomere length at the end of ejection, and
a and b control the sensitivity to stretch. The value specified for the initial reference sar-
comere length, L1

s,0, did not affect the long-term behavior of this law, because Li
s,0 changes

with each growth time step i.
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2.2.6 A Single Strain-Based Growth Law Predicts Concentric and Eccentric Cardiac
Growth During Pressure and Volume Overload: KOM

Finally, Kerckhoffs et al. [14] proposed a single law consisting of a pair of sigmoidal strain-
based equations to model the response to both pressure and volume overload. Similar to Arts
et al. [13], they included a Hill-type model to simulate myocyte contraction and coupled
their LV model to a model of the circulatory system to determine loading conditions for the
ventricles. They did not allow the circulation parameters to change with growth, however,
instead prescribing cardiac output. The stimuli for myocyte growth,

sl = max(Eff ) − Ef,set and (16)

st = min

(
Ecc + Err

2
+

√
(

Ecc − Err

2

)2

+ E2
cr

)

− Ecross,set , (17)

are dependent on the elastic fiber strain, Eff , cross-fiber strain, Ecc , radial strain Err , and
cross-fiber radial shear, Ecr .Ef,set is the strain set-point at which no axial fiber growth occurs
and Ecross,set is the strain set-point at which no cross-fiber or radial growth occurs. Growth
in the fiber direction is determined by

F i+1
g,f =

⎧
⎨

⎩

F i
g,f ∗ [ 1

1+e
dl∗(F i

g,f
−Ff,50)

∗ al

1+e
−bl∗(sl−sl,50) + 1] sl ≥ 0

F i
g,f ∗ [ −al

1+e
bl∗(sl+sl,50) + 1] sl < 0.

(18)

Growth is the same in the radial and cross-fiber directions and is determined by

F i+1
g,c = F i+1

g,r =
⎧
⎨

⎩

F i
g,c ∗ [ 1

1+e
dt ∗(F i

g,c−Fc,50)
∗ at

1+e
−bt ∗(st −st,50) + 1] st ≥ 0

F i
g,c ∗ [ −at

1+e
bt ∗(st +st,50) + 1] st < 0.

(19)

Equations (15) and (16) prescribe sigmoidal functions such that maximum and minimum
growth allowed within a single step is determined by the parameters al and at and there is
a small nearly quiescent (low-growth) region near the setpoints specified by sl,50, st,50, bl ,
and bt . When the stimulus is positive, i.e., sl ≥ 0 or st ≥ 0, a limiting term is included to
avoid cases of runaway growth.

2.3 Inputs to the Growth Laws: Control and Overloaded Stretches and Stresses

The LV has a complex fiber architecture in which myocardial fiber orientation changes as
a function of both depth within the myocardial wall and distance from the base to the apex
[15]. At the midwall, the fibers are aligned with the circumferential direction of the LV
and the in-plane cross-fiber direction is aligned with the longitudinal axis of the LV. Mea-
surements of circumferential and longitudinal strains during active contraction [16–19] and
during passive inflation [20, 21] indicate that they are roughly equal. During the cardiac
cycle, peak stretches in both the circumferential and longitudinal directions occur at end di-
astole, associated with significant radial thinning [8, 22–24]. Peak radial thickening occurs
near end systole, when circumferential and longitudinal stretches are low. Thus, to provide a
simple test-bed for comparing different growth laws, we simulated cyclic equibiaxial stretch
of a thin slab of myocardium (Fig. 1) between prescribed end-diastolic and end-systolic
stretches. Since the growth laws we tested were not sensitive to strain rate, we specified
linear stretching/shortening between these extremes. We simulated changes in regional me-
chanics typical of pressure overload and volume overload by adjusting end-diastolic and
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Fig. 1 (A) Schematic of
mid-wall slab of left ventricular
equatorial subjected to prescribed
stretches in our simulations.
(B) End-systolic and
end-diastolic dimension ratios
relative to control during acute
pressure [34–37] and volume
overload [28–33] studies. To
avoid potentially confounding
effects of growth normalizing the
inciting stimulus, only studies
that recorded dimensions prior to
appreciable change in ventricular
mass were considered.
(C) Average stretch vs. cardiac
cycle time for control (C),
volume overload (VO), and
pressure overload (PO) in
reference to the stress-free
configuration. ED signifies end
diastole and ES signifies end
systole. Equibiaxial loading was
assumed, thus the fiber (solid
lines) and cross-fiber (dashed
lines) directions experienced the
same stretch profile and radial
(dash-dot lines) thinning was
prescribed to maintain constant
tissue volume

end-systolic stretches to match reported in vivo values, and observed the predicted growth
responses.

The majority of the growth laws compared here predict growth based on elastic stretches
or strains computed relative to a stress-free state. This stress-free state is a convenient refer-
ence when formulating models, but never occurs in vivo. We utilized end-diastolic pressure
(EDP) and segment length data from Fomovsky et al. [25] to estimate end-diastolic circum-
ferential stretch relative to the unloaded state in normal dogs. Fomovsky and colleagues
recorded data during inferior vena cava occlusions, which produced a series of beats with
gradually decreasing EDP. We plotted end-diastolic segment length as a function of ln(EDP)



A Comparison of Phenomenologic Growth Laws. . . 265

and used a linear fit to estimate the intercept of this plot, corresponding to circumferential
segment length at an EDP of 1 mmHg. We treated this segment length as an estimate of
the unloaded length, and retained only the estimates with a coefficient of variation < 5.0%.
The average estimated end-diastolic circumferential stretch relative to the unloaded state in
these 6 animals was 1.44 ± 0.10 (mean ± SEM, see Figure S2). However, unloaded hearts
are not stress-free [26], and stretch ratios computed from unloaded segment lengths would
not account for residual strains. Luckily, Rodriguez et al. [27] compared unloaded and stress-
free sarcomere lengths in rats and found that while the transmural distribution of sarcomere
lengths differed in these two states, the sarcomere length at the midwall was the same.

Next, we reviewed in vivo data to determine how stretch changes following the creation
of experimental pressure and volume overload in dogs. To avoid potentially confounding
effects of growth normalizing the inciting stimulus, only studies that recorded end-diastolic
and end-systolic dimensions after the imposition of hemodynamic overload but prior to ap-
preciable change in left ventricular mass were considered. Changes in left ventricular di-
ameter or volume measured using angiography or sonomicrometry were used to estimate
stretches during overload; where volumes were provided instead of dimensions, stretch ra-
tios were estimated using volume ratio raised to the one-third power. Six studies induced
experimental volume overload and reported changes in volumes within four days; two cre-
ated aorto-caval fistulas [28, 29] and four induced mitral regurgitation [30–33]. In these
studies, volume overload increased end-diastolic volume or diameter (end-diastolic stretch
ratios of 1.05 ± 0.02 relative to control, mean ± SD, p = 0.02, Fig. 1B) and decreased
end-systolic volume or diameter (end-systolic stretch ratios of 0.96 ± 0.02 relative to con-
trol, mean ± SD, p = 0.04). Four studies induced experimental pressure overload using
ascending [34–36] or descending [37] aortic constriction and reported changes in left ven-
tricular dimensions immediately. In these studies, pressure overload increased end-systolic
volume or diameter (end-systolic stretch ratios of 1.10 ± 0.03 relative to control, mean ±
SD, p = 0.01, Fig. 1B), while increases in end-diastolic volume or diameter were not signif-
icant (end-diastolic stretch ratios of 1.03 ± 0.02 relative to control, mean ± SD, p = 0.09).

The in vivo experimental stretch ratios were expressed relative to end diastole, rather than
the unloaded configuration. Thus, for overload studies we computed end-diastolic stretches
relative to the unloaded configuration by combining our estimate of control end-diastolic
stretch relative to the unloaded state (λC

ED) with measurements of control (EDDC), and
overload (EDDO) end-diastolic dimensions:

λO
ED = λC

ED ∗ EDDO

EDDC
. (20)

Similarly, we computed end-systolic stretches for both control and overload states using the
end-diastolic stretch relative to unloaded state and measurements of control and overload
dimensions:

λC
ES = λC

ED ∗ ESDC

EDDC
or λO

ES = λO
ED ∗ ESDO

EDDO
. (21)

The resulting stretch profiles used to simulate pressure and volume overload are shown in
Fig. 1C. Control fiber and cross-fiber end-diastolic and end-systolic stretches were set to
1.44 and 1.12 at baseline, 1.48 and 1.20 to simulate pressure overload, and 1.51 and 1.09
to simulate volume overload. Myocardial tissue was assumed incompressible within each
loading cycle. Thus, radial end-diastolic and end-systolic stretches were set to 0.48 and
0.80, 0.46 and 0.69, and 0.44 and 0.84, for control, pressure overload, and volume overload
conditions, respectively. Three of the growth laws (L&T, LT2 and GCG) utilized stresses
(rather than stretches or strains) as inputs; in these cases the stresses were computed from
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the prescribed stretches using the constitutive equation provided in the original reference.
Finally, to provide the most useful comparison of the predictions of these different growth
laws during simulated pressure and volume overload, we adjusted the set-points (Table 1) for
each growth law such that repeated cycling between baseline end-diastolic and end-systolic
stretches induced zero growth.

2.4 Comparison Data: Changes in LV and Myocyte Dimensions Following
Overload

Most in vivo studies of hypertrophy track left ventricular wall thickness in one or more loca-
tions as well as changes in cavity diameter, radius, or circumference. Changes in wall thick-
ness should be analogous to the growth stretches Fg,r predicted by the models considered
here. Similarly, changes in the left ventricular circumference should be roughly equivalent
to Fg,f at the midwall, although not necessarily in other layers of the heart wall; note that no
commonly reported global dimension is comparable to Fg,c predicted by the models. Exper-
imentally, the ratio of LV radius-to-thickness or myocyte length-to-width is frequently used
to quantify shape change following growth. Thus, for simulations of both pressure and vol-
ume overload for each growth law, the growth ratio was calculated as fiber growth stretch,
Fg,f , divided by radial growth stretch, Fg,r .

Only some of the acute in vivo pressure and volume overload studies used above to
quantify changes in stretch also tracked subsequent growth, and those few studies measured
growth at very different timepoints. Thus, in order to better determine the levels of expected
growth following pressure and volume overload, we included additional studies that quanti-
fied LV dimensions. The ratio of LV radius-to-wall thickness decreased during experimental
pressure overload and increased during volume overload in dogs (Fig. 2, left column), with
considerable variation among the published studies [30–34, 38–41]. Similar trends but even
wider ranges were reported in rats (Fig. 2, second column) [2, 7, 42–63]. In order to avoid the
confounding effects of failure and decompensation, only studies that reported dimensional
changes within 2 to 12 weeks of overload were considered.

There has been considerable evidence showing that changes in myocyte dimensions and
shape parallel changes in ventricular dimensions and shape. Myocyte dimensional changes
may provide a more relevant local measure of growth for comparison with growth laws
that are applied locally, on an element-by-element basis. Thus, we also reviewed studies in
which myocyte length and cross-sectional area changes were measured following in vivo
inducement of pressure or volume overload. Reported myocyte length-to-width ratios in-
creased following volume overload and decreased following pressure overload (Fig. 2, right
columns) in both dogs [64, 65] and rats [66–73]. Compared to LV radius-to-wall thick-
ness ratios, myocyte length-to-width ratios changed less in response to overload; the reason
for this difference is not clear, particularly given that the rat ventricular and myocyte di-
mensions were measured at similar times following the onset of overload (mean ± SEM
indicated in Fig. 2). We pooled the dog and rat myocyte dimension measurements for subse-
quent comparison to the predictions of the various growth models. Tables S1 and S2 provide
a comprehensive list of the data plotted in Fig. 2 with associated references.

3 Results

Figure 3A shows the fiber, cross-fiber, and radial growth levels (Fg) predicted by the eight
different growth laws in response to prescribed biaxial stretches typical of pressure over-
load. The range of experimentally reported changes in myocyte width (dashed light green
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Fig. 2 Left columns show reported changes in LV radius-to-wall thickness ratio for in vivo studies following
the creation of volume and pressure overload in dogs [30–34, 38–41] and rats [2, 7, 42–63], displayed as nor-
malized radius-to wall thickness ratios (left vertical axis). Right columns show reported changes in myocyte
shape for in vivo studies following the creation of volume and pressure overload conditions in dogs [64, 65]
and rats [66–73], displayed as normalized myocyte length-to-width ratios (right vertical axis). The mean ±
SEM of the time from onset of overload to dimension measurement is shown below the column labels for
each group of studies

lines) and length (dashed dark green lines) following 2 to 12 weeks of pressure overload
are shown for comparison. Pressure overload is typically associated with ventricular wall
thickening and myocyte width increase in vivo. Both KOM and L&T predicted steady-state
radial growth within the range of experimentally observed values, while simultaneously
predicting realistic levels of steady-state fiber growth. LT2 produced runaway growth in the
radial direction. Since LT2 did not reach a steady-state, we halted the pressure overload
simulation after two growth time steps, when the predicted fiber-to-radial growth ratio first
surpassed the experimental mean; at this growth step, both predicted radial growth and fiber
growth were within the range of experimentally observed values. ART also produced run-
away growth in the radial and cross-fiber directions; if halted after two growth time steps,
when the predicted fiber-to-radial growth ratio first surpassed the experimental mean, pre-
dicted radial growth was within the range of experimentally observed values, but the model
predicted atrophy in the fiber direction that was inconsistent with experiments. Göktepe et
al. [12] created separate laws designed specifically to simulate concentric growth following
pressure overload (GCG) and eccentric growth following volume overload (GEG). Similarly
to ART, GCG produced maximal growth (limited by the law to Fg,r = 3.0) in response to
prescribed biaxial stretches typical of pressure overload; when halted after growth step 4,
when the growth ratio first surpassed the experimental mean, GCG predicted realistic radial



268 C.M. Witzenburg, J.W. Holmes

Fig. 3 The fiber, radial, and cross-fiber growth levels (Fg ) predicted following pressure (A) and volume
overload (B) by the various growth laws; green dashed lines indicate the experimental ranges in myocyte
length (dark green) and width (light green) observed experimentally. (C) The fiber-to-radial growth ratio
predicted for both pressure and volume overload; red and blue dashed lines indicate the experimental ranges
for the normalized ratio of myocyte length to width. Three growth laws (GCG, ART, and LT2) predicted
runaway growth or atrophy (Fg > 20 or Fg < 0.05), so simulations were stopped after the time step when the
ratio of fiber-to-radial growth first surpassed the value observed experimentally following pressure overload
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growth, but by design predicted no fiber or cross-fiber growth. KFR and KUR predicted
low levels of isotropic growth that fell outside the experimental range for relative myocyte
thickness. By design, GEG was constrained such that there was no growth in the radial or
cross-fiber directions and therefore did not produce radial growth in our simulations.

Figure 3B shows the fiber, cross-fiber, and radial growth levels (Fg) predicted by the eight
different growth laws in response to prescribed biaxial stretches typical of volume overload.
The experimental studies compiled for comparison consistently showed growth in the fiber
direction (increased cavity radius and myocyte length), but much more variable changes
in ventricular radius and myocyte width. Similarly, most of the growth laws tested (L&T,
KFR, GEG, KOM) predicted modest growth in the fiber direction (∼ 5%), with variable
responses in the cross-fiber and radial directions ranging from 9% growth (L&T) to 2% at-
rophy (KOM). ART produced runaway growth, and when halted after two growth time steps
(same time point as the pressure overload simulation) yielded fiber growth well within the
experimental range but more radial atrophy than observed experimentally. When stopped
after 2 growth time steps (same time point as the pressure overload simulation), LT2 pre-
dicted more modest fiber growth and substantial radial atrophy. Finally, when stopped after
4 growth time steps (same time point as the pressure overload simulation), GCG produced
radial growth within experimental ranges but, by design, no fiber growth.

Figure 3C shows the ratio of fiber growth to radial growth produced by each law in
response to prescribed biaxial stretches typical of pressure or volume overload. The ranges
of normalized experimental myocyte length-to-width ratios from Fig. 2 are indicated by the
blue and red dotted lines, respectively. Consistent with the changes in fiber and radial growth
reviewed above, only KOM predicted concentric growth (fiber:radial growth ratio <1) in
response to prescribed stretches consistent with experimental pressure overload, predicted
eccentric growth (fiber:radial growth ratio >1) in response to prescribed stretches consistent
with volume overload, and achieved steady-state. As noted above, the fiber-to-radial growth
ratio for the LT2, ART, and GCG simulations using stretches typical of pressure overload
fell within the experimental range because this was used as a stopping criterion. At the same
growth step, LT2 predicted fiber-to-radial growth ratios near the middle of the experimental
range in response to stretch inputs typical of volume overload, while GCG predicted much
lower ratios and ART much higher ratios. L&T predicted a steady-state growth ratio within
the experimental range for pressure overload, but not volume overload, while GEG captured
the trend for volume overload but not pressure overload. Finally, by design KFR and KUR
produced isotropic growth with no change in fiber:radial growth ratios. Figure S3 shows the
number of growth time steps required for each simulation.

In addition to simulating responses to mean experimentally measured stretches during
pressure overload and volume overload, we explored the behavior of each growth law in
response to a wide range of end-diastolic and end-systolic stretches. We plotted the predicted
ratio of fiber:radial growth for each combination as a contour plot (Fig. 4), and included the
experimental stretch ranges (white boxes, Fig. 4A–E) and average myocyte length:width
ratios (colored boxes, Fig. 4F) for comparison. Bands of constant predicted growth ratio run
diagonally for KOM (Fig. 4A), ART (Fig. 4B), and LT2 (Fig. 4C), reflecting the fact that
these laws predict growth based on a combination of end-diastolic and end-systolic stretches
or stresses. By contrast, L&T and GEG respond directly to diastolic mechanics (vertical
color bands in Figs. 4C–D), while GCG responds to systolic stretch (horizontal color bands
in Fig. 4E). Because the in vivo stretches computed from experimental pressure and volume
overload data differed more in systole than in diastole, only laws that incorporated systolic
information were able to match observed trends in fiber:radial growth for both cases.
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4 Discussion

Computational models that correctly predict growth and remodeling of the heart in response
to exercise, disease, and various drugs and devices could be very useful in designing new
therapies for a range of pathologic conditions. Several groups have now formulated and pub-
lished equations (often termed “growth laws”) that can correctly predict cardiac growth in
certain situations. However, to our knowledge no comprehensive comparison of these pub-
lished growth laws is available to guide researchers and engineers interested in employing
models of heart growth in their work. Accordingly, in this study we conducted a systematic
comparison of eight published growth laws originally developed to model various experi-
ments that induce growth and remodeling of the heart by surgically altering hemodynamic
loading. All of the growth laws tested here were phenomenologic in nature; in other words,
they attempted to predict growth from one or more measures of regional mechanics, without
representing the complex underlying biology by which those mechanical inputs are trans-
duced in myocytes. They were developed based on the experimental observation that sud-
denly changing heart mechanics triggers growth [2, 30–34, 38–42], and that the speed or
extent of growth appears to correlate with the magnitude of the alteration in mechanics [32,
74, 75].

The growth laws tested here all utilized either myocardial stretches or stresses that were
easily computed from stretches and the constitutive parameters provided. Furthermore, they
were all originally intended to simulate the response of the LV to experimental pressure
overload (an increase in systolic cavity pressure usually induced by constricting the aorta
to increase outflow resistance) or volume overload (an increase in cardiac output due to
creation of an arteriovenous fistula or mitral regurgitation). Therefore, in order to standardize
comparisons in this study, we surveyed the literature to establish a range for the changes in
stretch induced by each of these surgical procedures, and simulated the growth response of a
section of the LV midwall to these prescribed changes in stretch. We then compared growth
predicted by each model to the range of actual growth reported from experimental pressure
and volume overload studies.

Most of the published laws reproduced some features of the experiment they were origi-
nally designed to simulate—for example, predicting radial growth during pressure overload
or growth in the fiber direction during volume overload. However, only three of the laws
were able to capture experimentally observed growth patterns in multiple directions at once
(Table 2), and only one of these laws produced growth that returned stretches to homeostatic
values in our biaxial simulation. As discussed below, these simulations revealed two princi-
ples that may prove useful in future cardiac growth models. First, only laws that employed
multiple inputs that are poorly coupled during hemodynamic perturbations (such as fiber
and crossfiber strain, or end-diastolic and end-systolic stress) were able to capture most of
the features of both pressure-overload and volume-overload responses. Second, only laws
that used inputs from multiple directions (fiber, cross-fiber, etc.) to drive growth in multi-
ple directions could return to homeostasis following simulated overload in the absence of
coupling to a circulatory model.

4.1 Capturing Both Pressure-Overload and Volume-Overload Responses

In many clinically important situations such as myocardial infarction, the changes in me-
chanics induced in the heart involve some combination of the prototypical changes induced
by experimental pressure and volume overload. In such cases a growth model that can cor-
rectly predict both the individual pressure and volume overload responses will likely be
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Table 2 Summary of growth law predictions in response to pressure and volume overload

Experimental observations L&T LT2* KFR KUR GEG GCG* ART* KOM

PO Radial direction

Fiber/radial

Fiber direction

VO Fiber direction

Fiber/radial

Radial direction

Predicted value was inside experimental range

Simulation was halted when predicted value was within experimental range

Predicted value did not follow experimental trend

required. Of the models tested here, both the KOM and LT2 growth equations were ex-
plicitly developed by the authors to capture both overload responses. Therefore, is it not
surprising that they captured the key features of both pressure (radial growth stretch >1 and
fiber:radial growth ratio <1) and volume (fiber growth stretch and fiber:radial growth ratio
both >1) overload in our simulations. However, the ART growth law—originally applied by
its authors solely to model pressure overload—also reproduced the key trends. Upon further
examination, comparison of these three models with the others offers some potential insight
into how to design phenomenologic growth equations to capture multiple responses.

One feature shared by KOM, ART, and LT2 is that all models employed a system of
equations involving more than one input. KOM used stretch in two directions (fiber stretch
and principal stretch in the plane perpendicular to the fibers) as inputs, while ART and LT2
utilized fiber stretch or stress at two different times during the cardiac cycle (maximum,
usually at end diastole, and minimum, usually at end systole). Importantly, each law em-
ployed two measures that were weakly correlated with one another in experimental studies
of pressure and volume overload (Fig. 5A, D, and G), so that both inputs provided inde-
pendent information about heart mechanics. By contrast, L&T employed a system of three
growth equations involving three different components of the stress tensor, but because all
stress components were computed at end-diastole, they were strongly coupled to one an-
other through the constitutive law and did not provide independent information (Fig. 5J).
Interestingly, the ranges of experimental data we gathered for this study (Fig. 1B) suggest
that it should be possible to capture both pressure and volume overload responses with a sin-
gle input related to end-systolic fiber stretch: experimentally, pressure and volume overload
induced similar changes in diastolic stretch compared to control, but very different changes
in systolic stretch (increased in pressure overload, decreased in volume overload). However,
most single-input growth laws compared here utilized end-diastolic stretch or stress and
therefore predicted similar growth in response to prescribed stretches representing pressure
or volume overload (Fig. 4E and F). One law (GCG) did utilize end-systolic stress as its
only input, but assumed that growth occurred only in the radial direction, which prevented
it from matching experimentally measured volume-overload responses.

4.2 Stopping or Limiting Growth

We had to halt simulations for some of the growth laws compared here after just a few growth
time steps in order to prevent runaway growth, while others included explicit limits on the
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maximum growth allowed. These are two of several approaches that have been employed
to prevent growth models from producing experimentally unrealistic magnitudes of growth.
One possibility for achieving a stable grown state is if growth normalizes the value of a
critical input, returning it to its homeostatic value and thereby preventing additional growth.
In the heart, the best-known example of this approach is the (conceptual) model proposed
by Grossman et al. [6], where systolic wall stress drives radial growth, and the increase in
wall thickness eventually returns wall stress to its homeostatic value.

Our analysis suggests that it is remarkably difficult to devise a growth law that achieves
homeostasis following multiple different hemodynamic perturbations (Fig. 5). In Fig. 5B,
E, H, and K, we plotted the evolution of the growth stimuli for four of the laws considered
here to better visualize how they change as growth proceeds. Only KOM (Fig. 5B) and L&T
(Fig. 5K) returned to homeostasis in our prescribed-stretch simulations; these two laws used
inputs from two different directions to drive growth in those directions, providing enough
degrees of freedom to satisfy two homeostatic conditions simultaneously. For example, in
the KOM pressure-overload simulation (blue solid line in Fig. 5B), the increase in prescribed
maximum fiber stretch produced growth in the fiber direction, which reduced elastic stretch
and returned fiber strain to its homeostatic value; at the same time, elevated cross-fiber strain
triggered cross-fiber growth, which reduced cross-fiber strain back to its homeostatic value.
(Note that the jagged path is due to oscillation along the sigmoidal stretch-growth curves
shown in Figure S1 and could be reduced by re-parameterizing this law for the specific
stretch range used here). By contrast, the LT2 law employs two inputs from the same direc-
tion, end-diastolic and end-systolic fiber stress. These inputs were nicely decoupled during
overload (Fig. 5G), allowing the law to predict different growth trends in response to stretch
inputs typical of pressure-overload vs. volume-overload. However, model-predicted growth
in the fiber direction (Eq. (4)) reduced diastolic and systolic elastic stretches and stresses
proportionally (solid blue line in Fig. 5H), while growth in the radial direction (Eq. (3)) did
not affect either input. Thus, under prescribed-stretch boundary conditions, this law was un-
able to return both stresses to their homeostatic values following perturbation and exhibited
runaway growth.

This last example also emphasizes the role of boundary conditions. Many of the original
papers describing the growth laws discussed here prescribed diastolic and/or systolic LV
pressures typical of control and overload states, then studied how growth evolved in the set-
ting of those applied pressures. In order to represent these boundary conditions in our biax-
ial simulation, we performed additional simulations in which we cycled between prescribed
systolic and diastolic forces rather than between prescribed stretches. Under prescribed-
force boundary conditions (Fig. 5I), the LT2 law was again unable to reach homeostasis, but
for a different reason: overload altered ED and ES fiber stresses by different fractions of their
control values, while subsequent radial growth altered both stresses proportionally. Thus,
radial growth could never restore both stresses to their homeostatic values simultaneously.
For example, in the pressure-overload simulation, radial thickening reduced both stresses
(blue arrow points down and to the right in Fig. 5I), driving ED fiber stress below its set-
point before reaching the ES setpoint (arrow does not pass through the homeostatic point).
Interestingly, we note that none of the multi-input growth laws reviewed here returned to
homeostasis in prescribed-force simulations. Of course, neither a prescribed-stretch nor a
prescribed-force simulation fully replicates the in vivo setting, where hemodynamic adap-
tations to overload change diastolic and systolic pressures and volumes even as growth pro-
ceeds. Furthermore, biologic examples of uncontrolled growth such as progressive dilation
leading to heart failure after severe volume overloading suggest that growth may not always
return the system to homeostasis.



276 C.M. Witzenburg, J.W. Holmes

One final mechanism that might limit growth in response to a mechanical perturba-
tion is if the setpoint gradually resets. In the constrained mixture framework proposed by
Humphrey and Rajagopal [76], this occurs as older material is degraded and replaced by
new material with a different unstressed reference configuration. In the KUR growth law
examined here, the authors achieved something similar by resetting the reference configura-
tion, but this greatly reduced growth. A possible compromise might be a “fading-memory”
approach to gradually update the reference configuration with some time lag relative to the
current growth time step. One of the models reviewed here (KOM) limited the maximum rate
of growth; biologically this might correspond to a maximum rate of new protein synthesis
by the myocytes. Other laws reviewed here (GEG and GCG) simply prescribed a maximum
level of growth. There has been some speculation that the pericardium could constrain the
total amount of LV dilation, but Freeman and LeWinter [77] measured increased pericardial
area with heart weight, suggesting that during cardiac hypertrophy the pericardium enlarges
as well. At the cellular level, it seems plausible that transport distances could place an up-
per limit on cell size, but it is currently unclear how or whether transport limits the length,
width, or volume of hypertrophying myocytes in vivo.

4.3 Limitations and Sources of Error

Many of the limitations of this study arise from the decision to simulate the mechanics
of pressure overload and volume overload by applying prescribed stretches to a thin slab
of myocardium. All of the growth laws were originally combined with a model of the en-
tire left ventricle (ranging in complexity from compartmental to full finite-element models,
Table 1) with a range of boundary conditions that were comparable to our simulations in
some cases but not others. The most important difference is that many of the original papers
prescribed LV diastolic and/or systolic pressures typical of control and overload states and
assumed those pressures did not evolve with growth [9, 11, 12]. The closest analogy in our
simple biaxial model would be to cycle between prescribed end-systolic and end-diastolic
forces rather than between prescribed diastolic and systolic stretches (Fig. 1C). When we
performed these simulations (Fig. 5), all simulations except KUR and GCG showed run-
away growth; the reasons for this are discussed in more detail under Stopping or Limiting
Growth. In some cases, this result may be due to the fact that our simplified biaxial simula-
tion distorted the feedback of growth on the stimuli that incite it. For example, in a simple
cylinder model with circumferentially aligned fibers, circumferential (fiber) growth will in-
crease fiber stresses while radial growth (wall thickening) will decrease them. A prescribed-
force biaxial simulation captures the second effect, but not the first. On the other hand, most
of the original papers that prescribed pressure boundary conditions in geometrically appro-
priate LV models also predicted runaway growth unless they stopped their simulations at
preset growth levels [11, 12] or employed changing reference configurations [10, 11] to pre-
vent it. In reality, the LV does not operate independently but is connected to the circulation,
which reacts and remodels when subjected to overload. Thus, even whole-ventricle models
that prescribe LV pressure (stress or force) or stroke volume (strain) do not fully represent
the physiology of in vivo overload. An alternative approach, utilized by Arts et al. [13], is to
couple the LV to an adaptive model of the circulation.

When prescribing stretch profiles to simulate baseline and overload mechanics, we also
chose to apply equal stretches in the circumferential and longitudinal directions, based on
literature showing that midwall circumferential and longitudinal strains measured during di-
astolic filling or systolic ejection are approximately equal [16–21]. However, the exact ratio
of circumferential to longitudinal stretch obviously varies somewhat with transmural depth,
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location within the LV, and with loading. In heart models, this ratio also depends on the
overall choice of LV geometry. Thus, we repeated our simulations with a 2:1 ratio of pre-
scribed circumferential to longitudinal stretch and observed no differences in the predictions
of most growth laws and only small differences (≤3% change in fiber-radial growth ratios)
for KOM and L&T. In no case did the qualitative trend predicted by any law change. These
results suggest that the behavior of the growth laws reported here is relatively insensitive
to the exact ratio of circumferential to longitudinal stretch prescribed in our simulations. In
addition, studies that measured both short-axis and long-axis dimensions in the canine LV
immediately following volume [31] or pressure [35] overload found no change in eccentric-
ity (an index of shape), which suggests that overload does not induce major changes in the
ratio of circumferential to longitudinal strains in vivo. Another limitation of our simulation
is that it cannot capture the regional heterogeneity that occurs in vivo and can be significant
in conditions such as myocardial infarction and dilated heart failure; however, in this respect
our study differs less from the original papers proposing these growth laws, most of which
assumed axisymmetric geometries and a single growth law and setpoint for the entire LV.

Another potential source of error in our study was estimating the magnitude of end-
diastolic stretch relative to the unloaded configuration. We estimated this stretch through
extrapolation of segment length data from Fomovsky et al. [25] to 1 mmHg, including in our
analysis only data from the six animals where linear fits provided estimates with low vari-
ability. For comparison, we also estimated this value using an independent method based on
published studies of sarcomere lengths. Rodriguez et al. [78] developed a method to recon-
struct sarcomere lengths in vivo. They reported the midwall end-diastolic sarcomere length
for a single dog as 2.28 µm; comparing this measurement to reported sarcomere length val-
ues in unloaded arrested dog hearts of 1.80–1.83 µm by Guccione et al. [79] and 1.9 µm by
Spotnitz et al. [80] yields an estimated end-diastolic fiber stretch between 1.20–1.27, a bit
lower than our mean value but within the range of the individual values we computed in 6
animals (Figure S2). While we sought to impose physiologically realistic stretches in these
experiments, we recognize that they may differ substantially from the stretches computed
in the various computational models employed by authors of the original growth laws. We
partially accounted for these differences by identifying new setpoints for each law given
the control stretches employed here, but could likely obtain a better quantitative match be-
tween the predictions of many of these laws and the corresponding myocyte size data if we
re-parameterized each law for the specific simulations we performed.

Finally, when considering experimental measurements of growth, we focused on compar-
isons to myocyte dimensions since growth is a local phenomenon occurring on the myocyte
level, even though some of the growth laws were originally validated against changes in LV
dimensions. There appears to be a good basis for expecting growth in the fiber direction at
the midwall and changes in LV radius or dimension to be congruent, since myocardial fibers
at the midwall have been shown to run circumferentially [15]. However, it is less clear how
to relate reported changes in myocyte width measured in isolated cells (where the relation-
ship to in vivo orientation is lost) or cross-sectional area in histologic sections (includes both
radial and cross-fiber components) to changes in LV wall thickness.
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